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Abstract 
A cyclic triple (a, b, c) is defined to be set {(a, b), (b, c), (c, a)} of ordered pairs. A Mendelsohn triple 
system of order v, M(2,3, u), is a pair (M, fi), w h ere M is a set of u points and fi is a collection of cyclic 
triples of pairwise distinct points of M such that any ordered pair of distinct points of M is contained 
in precisely one cyclic triple of fi, An antiautomorphism of a Mendelsohn triple system (M, fl) is 
a permutation of M which maps fi to /I - I, where j _ 1 = {(c, b, a); (a, b, c)E~}. In this paper we give 
necessary and sufficient conditions for the existence of a Mendelsohn triple system of order 
v admitting an antiautomorphism consisting of a single cycle of length d and having v-d fixed 
points. Further, we give a more general result for partial Mendelsohn triple systems in which the 
missing ordered pairs are precisely those containing two fixed points. 
1. Introduction 
A Steiner triple system of order v, S(2,3, v) is a pair (S, /?), where S is a set of v points 
and fl is a collection of 3 element subsets of S, called blocks, such that any pair of 
distinct points of S is contained in precisely one block of p. If no confusion is possible, 
we often use the symbol S to denote both the Steiner triple system (S, j?) and its set of 
points. Kirkman [3] showed that necessary and sufficient conditions for the existence 
of an S(2,3, o) are that u = 1 or 3 (mod 6) or v =O. 
A cyclic triple (a, b, c) is defined to be the set ((a, b), (b, c), (c, a)} of ordered pairs. Of 
course,(a,b,c)=(b,c,a)=(c,a,b). 
A Mendelsohn triple system of order v, M(2,3, v), is a pair (M, fi), where M is a set of 
v points and p is a collection of cyclic triples of pairwise distinct elements of M, called 
triples, such that any ordered pair of distinct points of M is contained in precisely one 
triple of /?. Again, we often use the symbol M to denote both the Mendelsohn triple 
system (M,B) and its set of points. Mendelsohn [4] has shown that necessary and 
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sufficient conditions for the existence of an M(2,3, v) are that v E 0 or 1 (mod 3) with 
v#6. 
If (M, p) is a Mendelsohn triple system, we put p - ’ = {(c, b, a); (a, b, c)E~}. Clearly, 
(M, /I - ‘) is a Mendelsohn triple system and (fi - ‘) - ’ =/I We often denote the 
Mendelsohn triple system (M, j? - ‘) by M - ‘. 
An automorphism CI of a Mendelsohn triple system M (or Steiner triple system S) is 
a permutation of M (or S) such that /? remains fixed. An antiuutomorphism CI of 
a Mendelsohn triple system M is a permutation of M such that /? is mapped to b-r. 
Given a permutation CI of a set S and given a class of combinatorial structures, 
a very natural question is whether it is possible to put a combinatorial structure, 
belonging to the given class, on S in such a way that c( becomes an automor- 
phism of that structure. This problem has, for instance, been extensively studied for 
S(2,3, v). Hoffman [2] found necessary and sufficient conditions for the existence of 
an M(2,3,v) admitting an automorphism CI consisting of a single cycle of length d 
and v-d fixed points. In this paper, we will solve the corresponding problem 
for antiautomorphisms in Theorems 2.1 and 9.2. Actually, this will be a consequence 
of a more general theorem, Theorem 9.1, involving Mendelsohn triple systems with 
holes. 
2. Preliminary results 
If (S, 8) is an S(2,3, v), then we can identify j? with the set of cyclic triples 
{(a,b,c),(c,b,a); {0&P}. It . IS o vlous that S, provided with this set of cyclic b 
triples, is a Mendelsohn triple system, so that we can consider every Steiner triple 
system to be a Mendelsohn triple system too. Clearly, a permutation c1 of S is an 
automorphism of the Steiner triple system iff it is an automorphism of the correspond- 
ing Mendelsohn triple system iff it is an antiautomorphism of that Mendelsohn triple 
system. When we say that a Mendelsohn triple system is a Steiner triple system, we 
mean that it can be identified, in the described way, with a Steiner triple system. 
Clearly, a Mendelsohn triple system M is a Steiner triple system if and only if 
M=M-‘. 
If (M, /3) is an M(2,3, v) and if CI : M-M -’ is an antiautomorphism, then it is easily 
seen that a” is an antiautomorphism for n odd, and an automorphism for n even. 
If tl is an antiautomorphism and an automorphism, then M is an S(2,3, v). Note also 
that M is an S(2,3,v) if and only if I, the identity permutation, is an antiautomor- 
phism. If cz”= I and n is odd, then M is an S(2,3, v); hence, c( is an automorphism. 
A subspuce of a Mendelsohn triple system (or Steiner triple system) (M, /I) is 
a subset M,, such that if a triple of j3 contains two elements of MO, then the third 
element of that triple is also in MO. If MO is a proper subspace of a Mendelsohn triple 
system M, I M,, I = vo, I M I = v, then it is easily seen that v. <(v - 1)/2. To see this, let 
a, U’E MO, a #a’, and XE M - MO. Then the triple containing (a, x) must be of the form 
(a,x,y), where REM-(M,u{x}). Al so, the triple containing (a’,~) must be of the 
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form (a’,x,y’) where ~‘EM-(M,u{x}). Since ~#a’, we must have y#y’. Then 
IM0I~IM-_(M0u{x))l? i.e. Q,<v--~-1; hence, u,,<(v-1)/2. 
In a like manner, one may see that if So is a proper subspace of a Steiner triple 
system S, I&I=ue, ISl=v, then v,<(u-1)/2. 
Now, it is easily seen that if c1 is an automorphism of a Steiner triple system (or 
Mendelsohn triple system) S, then the set of fixed points of CI, Se, is a subspace of S. 
Also, if CI is an antiautomorphism of a Mendelsohn triple system M, then the set of 
fixed points of a2 (which includes the points fixed by a), Me, is a subspace of M. (This 
is a consequence of the fact that a2 is an automorphism of M.) 
Theorem 2.1. An M(2,3, v) admitting an antiautomorphism consisting of a single cycle 
of length 2 (and jixing all other points) exists if and only if either v=4 or v= 1 or 
3 (mod 6) and u > 3. 
Proof. Up to isomorphism, there is exactly one M(2,3,3) and exactly one M(2,3,4). 
They both have an antiautomorphism consisting of a single cycle of length 2. Thus, in 
the remainder of the proof we assume u > 4. 
Let (M, B) be an M (2,3, II), u > 4, and let a =( a, b), a #b, be an antiautomorphism. 
There are uniquely determined points ci and c2 such that (a, b, c~)E~? and (b, a, c2)~fl. 
(Of course, we may have c1 = c2.) As v >4, there is at least one XEM - { a, b, cl, c2). 
There are uniquely determined elements y, and y2 of M - { a, b,x} such that 
(a, x, yl)e/? and (x, a, y2)sfl. As (a, b) is an antiautomorphism, we have (x, b, yl)~B and 
(b,x,y2)E/?. As (a,x,yl)EP, (b,x,y2)Ep and a#b, we must have y, #y,. The fact that 
(a, b) is an antiautomorphism means that, for any (x, y, z)E/I with { y, z} c M - { a, b}, 
we must have (x,z,y)~/I. It is also easy to see that if (x,y,z)~P with 
yeM-{a,b,y,,y2) then zEM-(a,b,y,,y,}. Thus, the sets {y,z} with 
(y,z} c M-{a,b,x,y,,y2} and (x,y,z)~/? partition M-{a,b,x,y,,y,} into 2-sub- 
sets. As 1 M - (a, b, x,y,,y,} I =u- 5, this means that u must be odd. As M is an 
M(2,3, u), we must also have v E 0 or 1 (mod 3). This gives u = 1 or 3 (mod 6). 
Now, suppose z)= 1 or 3 (mod 6). Let S be an S(2,3, u) and a’, b’ES, a’ # b’. Let 
M=(S-{a’,b’})u{a,b), afb, {a,b}nS=$. 
Foreachblock{x,y,z}ofS,(x,y,z}cS-{a’,b’},let(x,y,z)and(y,x,z)betriples 
of M. Let CES such that (a’, b’, c} is a block of S. Let (a, b, c) and (b, a, c) be triples of 
M. Now, the pairs {x,y} c S-{a’,b’,c}, where {a’,x,y} or (b’,x,y} is a triple of S, 
can be partitioned into disjoint cycles. For each cycle choose an orientation 
x(),x1,x2 ,...) xn=xo. Let (a,xi,xi+i) and (b,xi+l,xi) be triples of M for 
i=O, 1, . . , n - 1. We have M is an M (2,3, u), and a = (a, b) is antiautomorphism by our 
construction of the triples of M. 0 
If M is an S(2,3, u) we have the following results. Peltesohn [S] proved that a triple 
system of order v having an automorphism consisting of one cycle and no fixed points 
exists if and only if u= 1 or 3 (mod 6) and u #9. Phelps and Rosa [6] and Doyen [l] 
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found independently that a triple system of order u3 3 having an automorphism 
consisting of a cycle and one fixed point exists if and only if u = 3 or 9 (mod 24). 
Proposition 2.2. There does not exist an S(2,3, v) with an automorphism consisting of 
a single cycle (of length > 2) and more than one jixed point. 
Proof. Suppose S is an S(2,3, u) and CI is an automorphism of S consisting of a single 
cycle, say (x0, x1, . . . , x,_ 1), and more than one fixed point. Let a, beS be two fixed 
points. Clearly, n must be even and the triple containing a and x,, must be of the form 
i a, x0, x,,,~}. Also, the triple containing b and x0 must be of the form (b, x0, xni2}. But 
then x0 and x,,/~ are contained in two distinct triples, a contradiction to S being an 
S(2,3, u). 0 
3. Some necessary conditions and holes 
For the remainder of our discussions we consider the antiautomorphism GI to 
consist of a cycle of length d > 2, with ~1 having n fixed points, v = d + n. Also, if d is odd 
we have that M is an S(2,3, u) and, as we noted in the previous section, our problem is 
completely solved in this case. 
Assume now that d is even and let M0 c M be the set of fixed points, 1 MO I= n. As 
d > 2, MO is also the set of fixed points of the automorphism c(’ of M. Therefore, MO is 
a subspace of M. Furthermore, since M IM,, = I, where a IMMo is the restriction of CI to MO, 
is an antiautomorphism of MO, MO is an S(2,3, n), so that n E 1 or 3 (mod 6), or n = 0. 
For completeness, we will consider Mendelsohn triple systems with holes. An 
M(2,3, o) with a hole MO will be a u-set M containing MO as a subset together with 
a collection j3 of cyclic triples of M such that no element of /? contains more than one 
element of MO and such that any ordered pair (x, y) of distinct elements of M, not 
entirely contained in MO, is contained in exactly one element of j?. We say that 1 MO I is 
the size of the hole. Again, we often denote a Mendelsohn triple system (M, fi) with 
a hole M0 simply by M. 
Proposition 3.1. Suppose M is a Mendelsohn triple system of order IJ = d + n, with a hole 
of size n. 
(i) If n = 0 (mod 3) then d = 0 or 1 (mod 3). 
(ii) If n= 1 (mod 3) then d=O or 2(mod 3). 
(iii) If n = 2 (mod 3) then d = 0 (mod 3). 
Proof. Since each triple contains 3 ordered pairs, the number of ordered pairs to be 
covered must be 0 (mod 3). We count the ordered pairs. 
Let MO be the hole and D = M - MO. There are nd ordered pairs (x, y), with 
XEM~, yeD. There are nd ordered pairs (x, y), with XED, YE MO. Also, there are 
d(d- 1) ordered pairs (x, y) with x, YED, x # y. Hence, there are 2nd + 
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d(d- l)=d(2n+d- 1) ordered pairs to be covered. Then either d-0( mod 3) or 
2n + d - 1~ 0 (mod 3), i.e. either d E 0 (mod 3) or d 3 1 - 2n (mod 3). The proposition 
follows. 0 
Let (M, b) be a Mendelsohn triple system with a hole MO. Just as for ordinary 
Mendelsohn triple systems, we put b-i = {(c, b, a); (a, b, c)~fl) and denote (M, p - ‘) 
by M -i. Obviously, M -’ is a Mendelsohn triple system with a hole MO. An 
automorphism (or antiautomorphism) of a Mendelsohn triple system (M, /3) with a hole 
M0 is a permutation c( of M, with cr(Mo)= MO, mapping fi onto fl (or fi -I). 
Let (M, /I’) be an M(2,3, u) with a hole M0 of size n, admitting an antiautomor- 
phism u consisting of a single cycle of length d = u- n on M - M0 and fixing all 
elements of MO. If n E 1 or 3 (mod 6) or n = 0, then we can consider an S(2,3, n), say 
(Mo,Po), on M,,. Put j?b={(a,b,c); {a,b,c}ej&,}. Put b=jYuj?b. Then (M,/?) is an 
M(2,3, u) admitting c( as an antiautomorphism. 
Conversely, if (M, 8) is an M(2,3, v) admitting an antiautomorphism CI consisting of 
one cycle of length d > 2 and n fixed points, v = d + n, then we have seen that we must 
have n E 1 or 3 (mod 6) or n = 0 and that the set M0 of all fixed points of N must be 
a subsystem of M. Deleting all triples entirely contained in M,, produces an M(2,3, u) 
with M0 as a hole having c( as an antiautomorphism. 
Instead of looking at the problem of determining for which values of d and 
n, d + n = u, there is an M(2,3, u) having an antiautomorphism consisting of a single 
cycle of length d and n fixed points, we will, in the sequel, look at another closely 
related problem. This problem consists of determining for which values of d and II, 
d + n = u, there is an M(2,3, V) with a hole M0 of size iz, having an antiautomorphism 
consisting of a single cycle of length d on M - M0 and having M0 as its set of fixed 
points. By our remarks above, the two problems are equivalent if d >2 and n= 1 or 
3 (mod 6) or iz = 0. If d > 2 and n = 0,2,4 or 5 (mod 6) II # 0, then the first problem 
always has a negative solution, but, as we will see, this is not true for the second 
problem. We solved the first problem for d = 2. The answer to the second problem is 
negative for d =2 and all n except n = 1. We noted before that the first problem is 
solved for d odd. If d is odd in the second problem, d > 1, then I = ad is an antiautomor- 
phism of M, i.e. /l- ’ = /?, and, by arguments similar to those used in Proposition 2.2, 
we must have n< 1. But for nE{O, l}, both problems are, as mentioned before, 
equivalent. 
Thus, in order to solve both problems completely, all that remains to be done is to 
solve the second problem for d even, d > 2. Hence, we will, in the sequel, systematically 
assume d even and d >2. 
4. Strategy of construction 
Before we begin our constructions, we consider properties of the triples. Let CI be the 
permutation consisting of the single cycle (0 12 . . . d - 1) and let (a, b, c) be a triple of 
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M with a,b,ce{0,1,2 ,..., d-l}. Let irb-a(modd), j=c-b(modd), and 
k = a - c (mod d). Then we clearly must have that i +j + k = 0 (mod d). Also, since d is 
even, either i,j, and k are all even or precisely two are odd. 
Furthermore, the set ( i, j, k} is either pairwise distinct, or i = j E k (mod d), or exactly 
two elements are equal and odd. This can easily be seen, for if, without loss of 
generality, i = j(mod d) is even, then cr’((a, b, c)) = (b, c, c + i) is a triple. But then 
c+ira(modd) and i=j=k(modd). 
We now proceed with the constructions of M(2,3, u)‘s with a hole of size n, having 
an antiautomorphism a consisting of a cycle of length d > 2 and having n fixed points. 
For a,beD=(O,1,2 ,..., d-l}, afb, let the distance from a to b be 
dist( a, b)+ min {a - b, b-a}, arithmetic being performed modulo d. We put 
0={1,2 ,..., d/2}. 
For the constructions for n=O, 1,2, and for n= 3 with d =6,10,18, or 22 (mod 24), 
we shall use two stages. We shall use all additions modulo d in the triples. 
In the first stage we will give a set X c D with 10 -X 1 =O(mod 3) and list triples 
which contain all ordered pairs with distances in X, but none with distances in ij - X, 
and all ordered pairs containing one fixed point. We will call these type I triples. 
For the second let Y=D -X and let r be the (1 + 1 Y1/3)th element of Y. Let 
I={i~c i<r) and let J={j; j+(r-~)EY-I}. We shall give a partition of J, 
((Pi24i))ieIr such that qi = pi = i. The type II triples will th$ be all triples of the form 
(t,t+pi+r-l,t+qi+r-1) and (t,t+qi+r-1, t+pi+r-I), where ill, tED. 
Now, the set of triples consisting of type I and type II triples defines an M(2,3, u) 
with hole Mo, and by the choices of type I triples, CI will be an antiautomorphism of M. 
5. No fixed points 
If n =O, we must have d =O(mod 4). This is easily seen, for if d/2 is odd 
(d = 2 (mod 4)), the ordered pair (0, d/2) must occur in a triple, say (0, d/2, a). But then 
ad’2 ((0, d/2, a)) = (d/2,0, a + d/2) and, as adI is an antiautomorphism, this means that 
(0, d/2, a + d/2)E/?. Thus, the ordered pair (0, d/2) occurs in two distinct triples, a con- 
tradiction. By Proposition 3.1, we must also have d r0 or 1 (mod 3). The possibilities 
for d (mod 24) are u = d = 0,4,12, or 16 (mod 24). We will handle these cases separately. 
Case d=24k: We have D={O,l,..., 24k-1) and 0={1,2 ,..., 12k). 
Let X = { 1,2,6k- 1,8k, 12k, -2,12k}. The type I triples will be: 
(t,t+l,t+2) for tED, t even; 
(t,t+2,t+l)for tED, t odd; 
(t, t+2, t+ 12k) for &D, t even; 
(t,t+12k,t+2) for tED, t odd; 
(t,t+6k-l,t+12k-2) for tED, t even; 
(t,t+12k-2,t+6k-l)for tED, t odd; 
(t,t+8k,t+16k)for &{O,l,..., 8k-1); 
(t,t+16k,t+8k)forte(O,l,..., 8k-1). 
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Case d=24k: We have D={O,l,..., 24k-1) and 0={1,2 ,..., 12k). 
Let X=(l,2,6k- 1,8k, 12k-2,12k}. The type I triples will be: 
(co,t,t+8k) for tED, t even; 
(co,t+8k,t) for teD, t odd; 
(t,t+l,t+2) for tED, t even; 
(t,t+2,t+l) for tcD, t odd; 
(t,t+2,t+12k) for tED, t even; 
(t,t+12k,t+2) for tED, t odd; 
(t,t+6k-1, t+12k-2) for LED, t even; 
(t,t+12k-2,t+6k-1) for tED, t odd; 
(t,t+ 16k, t+8k) for te{O,2,4, . . . . 8k-2); 
(t,t+8k,t+16k)for tE{1,3,5 ,..., 8k-1). 
The type II triples will be the same as those of no fixed points, case d =24k. 
Case d=24k+6: We have D=(O,l,..., 24k+5} and 0={1,2 ,..., 12k+3}. 
Let X = (4k + 1,8k + 2,12k + 3). The type I triples will be: 
(cqt,t+12k+3) for teD; 
(t,t+4k+l,t+8k+2) for LED, t even; 
(t,t+8k+2,t+4k+l) for tED, t odd; 
(t,t+8k+2,t+16k+4) for tE{0,2,4 ,..., 8k); 
(t,t+16k+4,t+8k+2)for tE{1,3,5 ,..., 8k+l}. 
If k = 0, we have only type I triples. 
Now, for k>O, Y=(1,2 ,..., 4k,4k+2 ,..., 8k+1,8k+3 ,..., 12k+2} so that 
Z={1,2,..., 4k) and J={1,2,... ,4k, 4k + 2, . . ,8k + l}. 
For i even, 2<i<4k-2, let pi=2k-i/2 and qi=2k+i/2; 
for i odd, 3<id2k-1, let pi=6k-(i-1)/2 and qi=6k+l+(i-1)/2; 
for i odd, 2k+36i64k-1, let pi=6k+l-(i-1)/2 and qi=6k+2+(i-1)/2; 
for i= 1, let p,=7k+ 1 and q1 =7k+2; 
for i=2k+l, let pZkf1=4k and q2k+l=6k+1; 
for i = 4k, let pbk = 2k and qdk = 6k. 
The type II triples are as previously defined. 
Case d=24k+12: We have D={O,l,..., 24k+ll} and 0={1,2 ,..., 12k+6}. 
For k=O, let X =n. The type I triples will be: 
(co,t,t+4) for tED, t even; 
(co,t+4,t) for tgD, t odd; 
(t,t+l,t+2) for teD, t even; 
(t,t+2,t+l) for tED, t odd; 
(t, t + 3, t + 6) for t ED, t even; 
(t, t + 6, t + 3) for tcD, t odd; 
(t,t+7,t+5) for teD, t even; 
(t, t + 5, t + 7) for t E D, t odd; 
(t,t+8,t+4) for tE{O,2); 
(t,t+4,t+8) for tE{1,3). 
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These are the only triples for k=O. 
For k>O, let X={6k+3,8k+4,12k+6}. The type I triples will be: 
(co,t,t+8k+4) for LED, t even; 
(co,t+8k+4,t) for SD, t odd; 
(t, t + 6k + 3, t + 12k + 6) for SD, t even; 
(t,t+12k+6,t+6k+3) for tdl, t odd; 
(t,t+16k+g,t+8k+4)for tE{0,2,4 ,..., 8k+2}; 
(t,t+8k+4,t+16k+S)for te{1,3,5 ,..., 8k+3}. 
The type II triples will the same as those of no fixed points, case d = 24k + 12. 
Case d=24k+14: We have D={O,l,..., 24k+13} and 0={1,2 ,..., 12k+7}. 
Let X = (2k + 1,4k + 2,4k + 3,4k + 4,8k + 6, lOk, + 5,12k + 7). The type I triples will 
be: 
(qt,t+12k+7) for teD; 
(t, t + 2k + 1, t + 4k + 2) for t e D, t even; 
(t,t+4k+2,t+2k+l) for teD, t odd; 
(t,t+4k+2,t+Sk+6 for tED, t even; 
(t,t+8k+6,t+4k+2) for tED, t odd; 
(t,t+8k+6,t+4k+3) for tED, t even; 
(t,t+4k+3,t+8k+6) for tcD, t odd; 
(t,t+lOk+5,t+14k+9) for &D, t even; 
(t,t+14k+9,t+lOk+5)for teD, t odd. 
If k=O, we have only type I triples. 
For k>O, Y={l,2 ,..., 2k,2k+2 ,..., 4k+1,4k+5 ,..., Sk+5,8k+7 ,..., lOk+4, 
10k + 6, . . . , i2k+6} so that 1={1,2 ,..., 2k,2k+2 ,..., 4k+l} andJ={1,2 ,..., 4k+l, 
4k+3 ,..., 6k,6k+2 ,..., 8k+2}. 
For i even, 2<i<4k, let pi=2k+l-i/2 and q,=2k+l+i/2; 
for i odd, 3<i<2k-1, let pi=6k+1-(i-1)/2 and qi=6k+2+(i-1)/2; 
for i odd, 2k+3di<4k-1, let pi=6k+2-(i-1)/2 and qi=6k+3+(i-1)/2; 
for i=l, let p,=7k+2 and qI=7k+3; 
for i=4k+l, let P4k+l=2k+1 and q4k+l=6k+2. 
Then the type II triples are as previously defined. 
Case d=24k+18: We have D={O,l,..., 24k+17} and i)={1,2 ,..., 12k+9}. 
Let X = (2k + 1,4k + 2,4k + 4,8k + 6,lOk + 7,12k + 9}. The type I triples will be: 
(00, t, t+ 12k+9) for &D; 
(t,t+2k+l,t+4k+2) for tED, t even; 
(t,t+4k+2,t+2k+l) for tED, t odd; 
(t,t+4k+2,t+Sk+6) for teD, t even; 
(t,t+8k+6,t+4k+2) for tED, t odd; 
(t,t+lOk+7,t+14k+ll) for tED, t even; 
(t,t+14k+ll,t+lOk+7)for teD, t odd; 
(t,t+8k+6,t+16k+12)for te{0,2,4 ,..., 8k+4}; 
(t,t+ 16k+ 12, t+8k+6) for tE{1,3,5, . . . . 8k+5}. 
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Now,for k=l, Y={3,4,6,7,9,11} so that 1={3,4} and.l={1,2,4,6}. 
For i=3, let p3=1 and q3=4; 
for i=4, let p4=2 and q4=6. 
For k>l, Y={3,4 ,..., 4k,4k+l,..., 6k-2,6k ,..., 8k-1,8k+l,..., 12k-3, 
12k-1) so that Z={3,4 ,..,, 4k) andJ={1,2 ,..., 2k-2,2k ,..., 4k-1,4k+l,..., 8k-3, 
8k- l}. 
For i odd, 5<i<4k-3, let pi=2k-l-(i-1)/2 and qi=2k+(i-1)/2; 
for i even, 4<i<4k-6, let pi=6k-2-i/2 and qi=6k-2+i/2; 
for i=3, let p,=Sk-4 and q3=8k-1; 
for i=4k-4, let p4k_4=2k+ 1 and q4k_4=6k-3; 
for i=4k-2, let p4k_2=4k-1 and qdke2=8k-3; 
for i=4k-1, let p4k_l=2k and q411_1=6k-1; 
for i=4k, let pdk=2k-2 and qdk=6k-2. 
Then the type II triples are as previously defined. 
Case d=24k+4: We have D=(O, 1, . . . . 24k+3} and 0={1,2, . . . . 12k+2}. 
Let X = { 6k + 1,12k + 2). The type I triples will be: 
(t,t+6k+l,t+12k+2) for tED, t even; 
(t,t+12k+2,t+6k+l)for tdl, t odd. 
If k = 0, we have only type I triples. 
Now, for k>O, Y={l,2 ,..., 4k,4k+l,..., 6k,6k+2 ,..., 12k+l} so that 
1={1,2 ,..., 4k) and 5={1,2 ,..., 2k,2k+2 ,..., 8k+l}. 
For i odd, l<i<4k-1, let pi=6k+l-(i-1)/2 and qi=6k+2+(i-1)/2; 
for i even, 2did4k, let pi=2k+l-i/2 and qi=2k+l+i/2. 
Then the type II triples are as previously defined. 
Case d=24k+12: We have D={O,l,..., 24k+ll} and 0=={1,2 ,..., 12k+6). 
For k = 0, let X = 0. The type I triples will be: 
(t,t+l,t+2) for tED, t even; 
(t,t+2,t+l)for tED, t odd; 
(t, t + 3, t + 6) for t ED, t even; 
(t,t+6,t+3) for tED, t odd; 
(t, t + 7, t + 5) for t E D, t even; 
(t,t+5,t+7)for tED, t odd; 
(t,t+4,t+8)for te{0,1,2,3); 
(t,t+S,t+4) for tE(0,1,2,3). 
These are the only triples for k=O. 
For k > 0, let X = (6k + 3,8k + 4,12k + 6). The type I triples will be: 
(t,t+6k+3,t+12k+6) for tED, t even; 
(t,t+12k+6,t+6k+3) for tED, t odd; 
(t,t+8k+4,t+16k+S) for tE{O,1,...,8k+3}; 
(t,t+ 16k+8, t+8k+4) for tE{O, 1, . . . . 8k+3}. 
Now, Y={l,2 ,..., 4k+1,4k+2 ,..., 6k+2,6k+4 ,..., 8k+3,8k+5 ,..., 12k+5) so 
that 1={1,2,..., 4k+l} and 5={1,2 ,..., 2k+1,2k+3 ,..., 4k+2,4k+4 ,..., 8k+4}. 
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For i even, 2<id4k, let pi=6k+4-i/2 and qi=6k+4+i/2; 
for i odd, 3di<4k-1, let pi=2k+2-(i-1)/2 and qi=2k+3+(i-1)/2; 
for i= 1, let p1 = 1 and q1 =2; 
for i=4k+ 1, let p.+k+l = 2k+3 and q4k+l=6k+4. 
Then the type II triples are as previously defined. 
Case d=24k+ 16: We have D={O, 1, . . . . 24k+ 15} and 0={1,2, . . . . 12k+8}. 
For k = 0, let X = 0. The type I triples will be: 
(t,t+ l,t+2) for teD, t even; 
(t,t+2,t+l) for tED, t odd; 
(t, t + 2, t + 8) for t e D, t even: 
(t,t+8,t+2) for tED, t odd; 
(t, t + 3, t + 6) for t E D, t even; 
(t,t+6,t+3) for tgD, t odd; 
(t,t+4,t+9) for tED; 
(t,t+9,t+4) for tgD. 
These are the only triples for k = 0. 
For k> 0, let X = { 1,2,6k + 3,12k + 6,12k + 8). The type I triples will be: 
(t,t+l,t+2)for tsD, t even; 
(t,t+2,t+l)for tED, t odd; 
(t,t+2,t+12k+8) for teD, t even; 
(t,t+12k+S,t+2) for tED, t odd; 
(t,t+6k+3,t+12k+6) for tED, t even; 
(t,t+12k+6,t+6k+3) for tED, t odd. 
Now, Y=(3,4 ,..., 4k+3,4k+4 ,..., 6k+2,6k+4 ,..., 12k+5,12k+7) so that 
1={3,4 ,..., 4k+3} and 5=(1,2 ,..., 2k-1,2k+l,..., Sk+2,8k+4}. 
For i odd, 3<i<4k-1, let pi=6k+2-(i-1)/2 and qi=6k+3+(i-1)/2; 
for i even, 4<i<4k-2, let pi=2k+ 1 -i/2 and qi=2k+l +i/2; 
for i=4k, let p4,=2k+2 and q4k=6k+2; 
for i=4k+l, let ~~~+i=l and q4k+1=4k+2; 
for i=4k+2, let p4k+2= 2k+l and q4k+Z=6k+3; 
for i=4k+3, let p4k+3=4k+1 and q4k+j=8k+4. 
Then the type II triples are as previously defined. 
6. One fixed point 
If n= 1, we have that v- 1 =d -0,2,6,8,12,14,18, or 20(mod 24). However, as 
stated earlier, for v = 3 or 9 (mod 24) there is an S(2,3, v) with automorphism having 
one cycle of length d and one fixed point. Therefore, for d = 2 or 8 (mod 24), there is an 
M(2,3, v) with appropriate antiautomorphism CL. 
Then the remaining cases are d = 0,6,12,14,18, or 20 (mod 24). 
Let CC be the fixed point. 
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For k>O, Y={1,2 ,..., 2k,2k+2 ,..., 4k+1,4k+3,4k+5 ,..., 8k+5,8k+7 ,..., 
lOk+6, lOk+8, . . . . 12k+8} so that 1=(1,2 ,..., 2k,2k+2 ,..., 4k+1,4k+3) and 
J={1,2,..., 4k+1,4k+3 ,..., 6k+2,6k+4 ,..., 8k+4}. 
For i odd, l<i<2k-l,let pi=2k-(i-1)/2 and qi=2k+l+(i-1)/2; 
for i odd, 2k+3<id4k+l, let p,=6k+3-(i-1)/2 and qi=6k+4+(i-1)/2; 
for i even, 2<i<2k, let pi=6k+3-i/2 and qi=6k+3+i/2; 
for ieven, 2k+2<i<4k, let pi=2k+l-i/2 and qi=2k+l+i/2; 
for i=4k+3, let p4k+3=3k+1 and q4k+3=7k+4. 
The type II triples are as previously defined. 
Cased=24k+20: We have D={O,l,..., 24k+19} andD={1,2 ,..., 12k+lO}. 
For k = 0, let X = B. The type I triples will be: 
(co,t,t+8) for tED, t even; 
(co,t+8,t) for tED, t odd; 
(t,t+2, C+ 1) for LED, t even; 
(t,t+l,t+2) for tED, t odd; 
(t,t+lO,t+2) for tED, t even; 
(t,t+2,t+lO)for teD, t odd; 
(t,t+3,t+7) for tED; 
(t,t+7,t+3) for teD; 
(t,t+$t+ll)for tED; 
(t,t+ll,t+5)for tED. 
These are the only triples for k = 0. 
For k > 0, let X = { 1,2,12k + 8,12k + lo}. The type I triples will be: 
(oo,t,t+12k+8) for &D, t even; 
(co,t+12k+8,t) for tED, t odd; 
(t,t+2,t+l)for tED, t even; 
(t,t+l,t+2)for tED, t odd; 
(t,t+12k+lO,t+2)for tED, teven; 
(t,t+2, t+12k+lO) for &D, t odd. 
Now, Y={3,4 ,..., 4k+4,4k+5 ,... ,12k+7,12k+9} so that Z={3,4 ,..., 4k+4} 
and J={l,2 ,..., 8k+3,8k+5}. 
Simpson [7] showed that I is a hooked Langford sequence and gave the partition 
of J. 
Then the type II triples are as previously defined. 
7. Two fixed points 
If n = 2, we have that d = 0,6,12, or 18 (mod 24). 
Let co1 and co2 be the fixed points. 
Case d=24k: We have D={O,l,..., 24k-1) and 0={1,2 ,..., 12k). 
Let X= { 1,2,6k- 1,8k, 12k-2,12k}. The type I triples will be: 
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(co,,t,t+8k) for tED, t even; 
(co,,t+8k,t) for teD, t odd; 
(co2,t+8k,t) for teD, t even; 
(co,,t,t+8k) for tED, t odd; 
(t, t+ 1, t+2) for tED, t even; 
(t, t+2, t+ 1) for tED, t odd; 
(t, t +2, t + 12k) for teD, t even; 
(t,t+12k,t+2) for teD, t odd; 
(t,t+6k-l,t+12k-2) for tED, t even; 
(t,t+12k-2,t+6k-l)for tED, t odd. 
The type II triples will be the same as those of no fixed points, case d =24k. 
Case d=24k+6: We have D={O,l,..., 24k+5} and 0={1,2 ,..., 12k+3}. 
Let X = (4k + 1,8k+2,12k+3}. The type I triples will be: 
(a1,t,t+12k+3) for tED; 
(co,,t,t+8k+2) for &D, t even; 
(cm,,t+8k+2,t) for &D, t odd; 
(t,t+4k+l,t+8k+2) for tED, t even; 
(t,t+8k+2,t+4k+l) for teD, t odd. 
If k = 0, we have only type I triples. 
For k >O, the type II triples will be the same as those of one fixed point, 
d=24k+6. 
Case d=24k+12: We have D={O,l,..., 24k+ll} and 0=(1,2 ,..., 12k+6}. 
For k=O, let X =ii. The type I triples will be: 
(coI,t,t+2) for teD, t even; 
(coI,t+2,t) for tED, t odd; 
(coz, t+2, t) for teD, t even; 
(co,,t,t+2) for &D, t odd; 
(t,t+l,t+5) for tED; 
(t,t+5,t+l) for teD; 
(t, t + 3, t + 6) for t ED, t even; 
(t,t+6,t+3) for teD, t odd. 
These are the only triples for k = 0. 
For k > 0, let X = (6k + 3,8k + 4,12k + 6). The type I triples will be: 
(co,,t,t+8k+4) for tED, t even; 
(coI,t+8k+4,t) for tED, t odd; 
(co,,t+8k+4,t) for tED, t even; 
(co,,t,t+8k+4) for teD, t odd; 
(t, t + 6k + 3, t + 12k + 6) for tED, t even; 
(t,t+12k+6,t+6k+3) for tED, t odd. 
The type II triples will be the same as those of no fixed points, case d = 24k + 12. 
Case d=24k+18: We have D=(O,l,..., 24k+17} and O={1,2 ,..., 12k+9}. 
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Let X = (2k + 1,4k + 2,4k + 4,8k + 6,lOk + 7,12k + 9}. The type I triples will be: 
(co,,t,t+12k+9) for SD; 
(oo,,t,t+8k+6) for &D, t even; 
(m,,t+8k+6,t) for tED, t odd; 
(t,t+2k+l,t+4k+2) for LED, t even; 
(t,t+4k+2,t+2k+l) for LED, c odd; 
(t,t+4k+2,t+8k+6) for tED, t even; 
(t,t+8k+6,t+4k+2) for tED, t odd; 
(t, t + 10k + 7, t + 14k + 11) for t E D, t even; 
(t,t+14k+ll,t+lOk+7)for tED, t odd. 
The type II triples will be the same as those of one fixed point, case d =24k+ 18. 
8. Three fixed points 
If n = 3, we have that d -0,4,6,10,12,16,18, or 22 (mod 24). We will consider the 
cases d -6,10,18, and 22(mod 24), since the remaining cases will be found using the 
cases for n = 0 as described in the next section. 
Let cc i, 00 2, and co 3 be the fixed points. 
Case d=24k+6: We have D={O,l,..., 24k+5} and D={1,2 ,..., 12k+3}. 
For k = 0, there is no M(2,3,9) with hole of size 3 having antiautomorphism ~1. This 
is easily seen since the distances 2 and 3 of { 1,2,3} must be used in triples containing 
the fixed points and there is no remaining way to use the distance 1 in any triples. 
For k>O, let X={2,6k+1,8k+2,12k, 12k+2,12k+3}. The type I triples will be: 
(co,,t,t+12k+3) for tED; 
(mZ,t,t+2) for tED, t even; 
(a2,t+2,t) for teD, t odd; 
(cog, t, t + 12k) for teD, t even; 
(co3, t+ 12k, t) for tED, t odd; 
(t,t+12k+2,t+2) for tED, t even; 
(t,t+2,t+12k+2) for tED, t odd; 
(t,t+6k+l,t+12k+2) for tED, t even; 
(t,t+12k+2,t+6k+l) for teD, t odd; 
(t,t+8k+2,t+16k+4)for tg{O,1,...,8k+l}; 
(t,t+ 16k+4, t+8k+2) for tc{O, 1, . . . . 8k+ l}. 
Now Y={l,3,4 ,..., 4k,4k+l,..., 6k,6k+2 ,..., 8k+1,8k+3 ,..., 12k-1,12k+l} 
so that Z={1,3,4 ,..., 4k) and J={1,2 ,..., 2k,2k+2 ,..., 4k+1,4k+3 ,..., 
8k-1,8k+l}. 
For k= 1: 
for i=l, let pi=1 and q1=2; 
for i=3, let p3=4 and q3=7; 
for i=4, let p4=5 and q4=9. 
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For k> 1: 
for i even, 46i<4k-6, let pi=6k-i/2 and qi=6k+i/2; 
for i odd, 5<i<4k-3, let p,=2k+l-(i-1)/2 and qi=2k+2+(i-1)/2; 
for i=l, let pi=1 and q1=2; 
for i=3, let p3= =8k-2 and q3=8k+1; 
for i=4k-4, let p4k_4=2k+3 and q4k_4=6k-1; 
for i=4k-2, let p4k_Z=4k+1 and q4k_2=8k-1; 
for i=4k-1, let p4k_l=2k+2 and qdk-i=6k+l; 
for i = 4k, let p4k = 2k and qbk = 6k. 
Then the type II triples are as previously defined. 
Case d=24k+lO: We have D={O,l,..., 24k+9} and b={1,2 ,..., 12k+5}. 
Let X= { 12k+4,12k+ 5}. The type I triples will be: 
(co,,t,t+12k+5) for LED; 
(co,,t,t+12k+4) for LED, t even; 
(co2, t+ 12k+4,t) for teD, t odd; 
(co3,t+ 12k+4,t) for tED, t even; 
(c03,t,t+12k+4) for tED, t odd. 
Now, Y={l,2 ,..., 4k+1,4k+2 ,..., 12k+3} so that 1={1,2,...,4k+l} and 
J = { 1,2, . . . ,8k + 2). Skolem found an appropriate partition of J in [S]. 
The type II triples are as previously defined. 
Case d=24k+18: We have D={O,l,..., 24k+17} and D={1,2 ,..., 12k+9}. 
Let X = (2k + 1,4k + 2,4k + 4,8k + 6,lOk + 7,12k + 9}. The type I triples will be: 
(c0i,t,t+12k+9) for tED; 
(co,,t,t+4k+2) for tED, t even; 
(co,,t+4k+2,t) for tED, t odd; 
(co3,t,t+4k+4) for &D, t even; 
(co3,t+4k+4,t) for tED, t odd; 
(t,t+2k+l,t+4k+2) for tED, t even; 
(t,t+4k+2,t+2k+l) for tED, t odd; 
(t,t+lOk+7,t+14k+ll) for teD, t even; 
(t,t+14k+ll,t+lOk+7)for tED, t odd; 
(t,t+8k+6,t+16k+12) for te{O,1,...,8k+5}; 
(t,t+ 16k+ 12, t+8k+6) for tE{O, 1, . . ..8k+5}. 
The type II triples will be the same as those of one fixed point, case d =24k+ 18. 
Case d=24k+22: We have D={O,l,..., 24k+21} and D={1,2 ,..., 12k+ll}. 
For k = 0, let X = D. The type I triples will be: 
(co,,t,t+ll) for tED; 
(mZ,t,t+2) for &D, t even; 
(coz,t+2,t) for tED, t odd; 
(co3,t,t+8) for tED, t even; 
(m3,t+8,t) for teD, t odd; 
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(t,t+l,t+4) for BED; 
(t,t+4,t+l) for LED; 
(t,t+lO,t+2) for LED, t even; 
(t,t+2,t+lO) for tgD, t odd; 
(t,t+$t+lO) for tED, t even; 
(t,t+lO,t+5) for tED, t odd; 
(t,t+6,t+13) for tED; 
(t,t+13,t+6) for tED. 
These are the only triples for k = 0. 
For k>O, let X={1,2,12k+8,12k+10,12k+11). The type I triples will be: 
(co,,t,t+12k+ll) for tsD; 
(coZ,t,t+12k+10)for tED, t even; 
(co,,t+12k+lO,t)for tED, t odd; 
(coS,t+12k+8,t)for tED, t even; 
(co3,t,t+12k+8) for tED, t odd; 
(t,t+l,t+2) for tED, t even; 
(t,t+2,t+l) for teD, t odd; 
(t,t+12k+8,t+12k+lO) for teD, t even; 
(t,t+12k+lO,t+12k+8)for tED, t odd. 
The type II triples will be the same as those of one fixed point, case d =24k+20, 
except with D={O, 1, . . . . 24k+21}. 
9. Conclusion 
Before we state our main theorem, we define the orbits of triples. Let (M, p) be an 
M(2,3, u) with a hole H of size n and let a be an antiautomorphism of M consisting of 
a single cycle of length d = u - n and M-H and having H as its set of fixed points. Let 
D={O, 1, . . . . d - l} be the points of the cycle and let co 1, cc z, . . . , co, be the points of H. 
For u,b,c~D, (a,b,c)~P, let orbit(a,b,c)+((a+t,b+t,c+t); tED,t even}u 
{(a+t,c+t,b+t); &D, t odd}. W e will call these type A orbits. For a, beD, Goi a fixed 
point, (COi,a,b)Efi, let orbit(ooi,a,b)~;:((cOi,a+t,b+t); tED, t even}u 
{ (Ooi, b + t, a+ t); tED, t odd}. We will call these type B orbits. Clearly, the orbits 
partition 8. Also, we shall denote multisets with square brackets, so that 
20=[1,1,2,2 ,..., d/2,d/2]. 
Theorem 9.1. Let d>2, d even. There is an M(2,3,u), M, with a hole H of size 
n admitting an untiuutomorphism c(, with a single cycle of length d on M-H and jixing 
the elements of H if and only if 
(i) d satisfies the conditions of Proposition 3.1, 
(ii) nbd/4- 1 if d=O(mod4), 
(iii) n < d/4 + l/2 if d = 2 (mod 4) and 
(iv) d=0,4,12, or 16(mod24) if n=O. 
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Proof. We first show that the conditions are sufficient for the existence of such an 
M(2,3,0). 
If n<3, or n= 3 and dr6,10,18, or 22(mod 24), we have the constructions of the 
previous sections. Otherwise, we proceed by induction on n. Let d satisfy Proposition 
3.1 and n satisfy condition (ii) or (iii), depending on d. 
Suppose that for k<n, k-n(mod 3), there is an M(2,3, u) with hole of size k and 
antiautomorphism with single cycle of length d and k fixed points. 
Let (M’, /I’) be an M(2,3, v - 3) with hole and antiautomorphism CX’ with single cycle 
of length d, (0, 1,2, . . . , d-l), and n-3 fixed points coi, co2, . . . . ~0,~~. 
With each orbit of a’, we associate a multiset of distances. For type A orbits, with 
orbit(O, d/3,2d/3) and orbit(O, 2d/3, d/3), we associate [d/3]. To other type A orbits, 
with orbit (a, b, c), a, b, CE D, we associate [dist (a, b), dist( b, c), dist( c, a)]. For type 
B orbits, with orbit (a i, a,b), a, bE D, we associate [dist (a, b)]. 
Suppose d = 0 (mod 4). 
Since each distance of D must be used in orbits exactly twice, once for each 
direction, except d/2 which an orbit with one such distance takes care of completely, 
the associated istances of the orbits must partition 20 - [d/2]. 
There are d/2 - 1 evens and d/2 odds in 20 - [d/2]. The type B orbits use n - 3 of the 
even distances. Also, the type A orbits having 2 odd associated istances must have 
d/2 associated odds, and hence d/4 associated evens. Then there are (d/2 - 1) 
-(d/4) - (n - 3) = d/4 - n + 2 evens left. As n < d/4 - 1, there are at least 3 evens left. 
Then there is at least one type A orbit with 3 associated even distances. 
Suppose d E 2 (mod 4). 
We assume that (cc 1, 0, d/2) is a block of (M’, j?‘) since the distance d/2 must be used 
in a block containing a fixed point. Note that we must also have (co i, d/2,0) in B’. 
Since each distance of D - (d/2} must be used in orbits exactly twice, once for each 
direction, the associated distances of the orbits other than orbits (co1,0,d/2) and 
(co 1, d/2,0) must partition 2ii - [d/2, d/2]. 
There are d/2 - 1 evens and d/2 - 1 odds in 28 - [d/2, d/2]. The type B orbits other 
than orbits(co, ,O, d/2) and (co1,d/2,0) use n-4 of the even distances. Also, the type 
A orbits having 2 odd associated istances must have d/2- 1 associated odds and 
hence d/4 - l/2 associated evens. Then there are (d/2 - 1) -(d/4 - l/2) 
- (n - 4) = d/4-n + 7/2 evens left. As n d d/4 + l/2, there are at least 3 evens left. Then 
there is at least one type A orbit with 3 associated even distances. 
In either case, there is a block of (M’, p’) of the form (0, a, b) with orbit(O, a, b) 
having 3 associated even distances. 
Let M=M’u(KJ_~, CO,_~, co,}. 
Let P=(j?-({(t,-u+t,b+t); tED,t even}u{(t,b+t,u+t); tED, t odd})) 
u{(co,,_2,t,u+t); &D,t even)u{(co,_2,u+t,t); tED,t odd}u{(oo.-l,b+t,t}; 
tED, t even}u{(co,_i ,t,b+t); teD, t odd}u{(oO,,t,b-u+t); tED, 
t even}u{(co.,b-u+t,t); tED, t odd}. 
Now (M,B) is an M(2,3,u) with hole of size n. 
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Let CI be the antiautomorphism with OO,-~, co- 1, co, as fixed points such that 
al,,=cX’. 
Then (M, p) is an M(2,3, u) with hole and antiautomorphism CI with n fixed points 
and single cycle of length d, as desired. 
To complete the proof, we show that if (M, p) is an M(2,3, v) with hole and 
antiautomorphism c( with single cycle of length d and n fixed points, then II d d/4 - 1 if 
dEO(mod4) and n<d/4+1/2 if d=2(mod4). 
Let (M, fl) be such an M(2,3, u). 
For d =O(mod4), as seen previously, there are d/4 type A orbits of b having d/4 
associated even distances with the d/2 associated odd distances in 20 - [d/2]. Then 
there are (d/2 - 1) -d/4 = d/4 - 1 even distances left. Since the type B orbits must be 
associated with even distances distinct in 2i) - [d/2], n < d/4 - 1. 
For d = 2 (mod 4), we assume that orbit (cc 1, 0, d/2) and orbit (cc 1, d/2,0) are orbits 
of fi. There are d/4 - l/2 type A orbits of p having d/4 - l/2 associated even distances 
with the d/2- 1 associated odd distances in 2%[d/2,d/2]. Then there are 
(d/2 - 1) -(d/4 - l/2) = d/4 - l/2 even distances left. Since the type B orbits other than 
orbits(co1,0,d/2) and (co,, d/2,0) must be associated with even distances distinct in 
26 - [d/2, d/2], n G (d/4 - l/2) + 1 = d/4 + l/2. 0 
Now, by a previous discussion in Section 3, the main result of this paper follows as 
a corollary. 
Theorem 9.2. Let d > 2, d even. There is an M(2,3, v) admitting an antiautomorphism 
CI having a single cycle of length d and n _tixed points if and only if 
(i) n<d/4-1 if d=O(mod4), 
(ii) n < d/4 + l/2 if d = 2 (mod 4), and 
(iii) one of the following is satisfied: 
(a) n E 1 (mod 6) and d = 0 or 2 (mod 3), 
(b) n = 3 (mod 6) and d = 0 or 1 (mod 3), or 
(c) n=O and d=O or 4(mod 12). 
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